In this study, Geographically Weighted Trivariate Weibull Regression (GWTWR) model and parameter estimation procedure are proposed. GWTWR is trivariate Weibull regression model which all of the regression parameters depend on the geographical location, and parameter estimation is done locally at each location in the study area. The location is expressed as a point coordinate in two-dimensional geographic space (latitude and longitude). The trivariate Weibull regression model (TWR) is the joint probability density function model of trivariate Weibull distribution, which the scale parameters depend on the covariates (independent variables). The TWR model is constructed from the joint survival function of trivariate Weibull distribution proposed by Lee and Wen, which the scale parameters are stated in the regression parameters with identical covariates and non-identical regression parameters. The goal of this study is to estimate the parameters of GWTWR model by using Maximum Likelihood Estimation (MLE) method. The result showed that the maximum likelihood estimator of GWTWR model was not closed form and it can be obtained by using the Newton-Raphson iterative method. To demonstrate the parameter estimation procedure, the proposed model was applied to the continuous nonnegative data on the real data. Based on the application to the real data, GWTWR model was better than global model (TWR).
Introduction
The Weibull distribution originally depends on three parameters those are the location parameter, the scale parameter and the shape parameter which are symbolized by ,  and  respectively. By setting the location parameter 0   , it is obtained a simple model which is called the scale-shape version of the Weibull distribution. In the Weibull distribution, the scale parameter or shape parameter can depend on the supplementary variables or covariates [14] . Clearly, the scale parameter of Weibull distribution can be expressed in the regression parameters. When the scale parameter of the probability density function (PDF) of Weibull distribution is expressed in the regression parameters, it is obtained the new PDF model called the Weibull regression model. Generally, the PDF of the Weibull distribution can be determined from one of the interrelationship functions those are the cumulative distribution function (CDF), the survival function and the hazard function.
Until now, the reference discussing the Weibull regression model is not vast. Several researchers have discussed the Weibull regression model those are O'Quigley et al. [12] proposed a regression model for survival time studies. The study discussed parameter estimation of the univariate Weibull regression model and the estimator of parameters was calculated by Fortrant program. Hanagal [5] proposed a bivariate Weibull regression model for the censored life time samples. The model was derived from bivariate exponential of Marshal-Olkin with identical covariates. Hanagal [4] discussed a bivariate Weibull regression model for survival time by extending Freund's bivariate exponential distribution with identical covariates and non-identical regression parameters. Parameter estimation for both model, he proposed the MLE method.
The Weibull distribution and Weibull regression are commonly used models in reliability, life time and environmental data analysis. It will be an interesting topic to be discussed when applied to spatial data. Spatial data is type of data containing both attribute and location information. Spatial data is type of data which indicates interdependence between location and the data. In the spatial data, the value of an observation in one location depends on the value of the observation in nearby locations [3] . Parameter estimation on the Weibull regression model applied to spatial data will be a challenging problem, because interdependence between data and location causes the estimator value of the regression parameters at one location and the other locations are different. Therefore, applying the classical regression or global model for the Weibull regression model which is applied to the spatial data will produce an invalid model. So, it is needed an appropriate method which can be applied on the Weibull regression modeling to the spatial data, and the proposed method in this study is Geographically Weighted Regression (GWR) method.
Parameter estimation of GW trivariate Weibull regression model
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The GWR is a statistical method used for analyzing the spatial data in local form of regression [13] . Based on the GWR method, each regression parameter depends on the geographical location where the data is observed, and therefore parameter estimation is done locally at each location in the study area producing the local model. The geographical location is expressed as a vector coordinate in two-dimensional geographic space (latitude and longitude) [3] .
Based on the results of the previous studies, the GWR was an effective method for regression modeling to spatial data. It was the simple technique and useful geographically-oriented method to explore spatial non-stationary. It not only can explore the variation of the parameters, but significance of the variation can also be tested [11] . The GWR method can be used to analyze the spatial data in various fields and to determine the effect of predictor in order to response both globally and locally by considering element of geography or location as a weighting in estimating of the parameters [7] . Parameter estimation on the linear model of spatial multivariate using the geographical weighting produced unbiased, efficient and consistent estimator of the local models [6] . The GWR method can estimate the regression parameters at each location in the study area and produced more accurate predictions for response variable. Furthermore, the residuals of the GWR model have more desirable spatial distribution than those derived from global model [16] . Applying GWR method on the multivariate Poisson regression model indicated that the local model or geographically weighted multivariate Poisson regression (GWMPR) was better than global model (MPR) based on the value of Akaike Information Criterion (AIC) [15] .
Studies on Weibull regression both theory and application are still limited to the univariate and bivariate cases using global model. Meanwhile, there are many problems in spatial statistics in many applications on the various fields involving two or more responses data from multivariate Weibull distribution with the joint PDF can depend on the covariates. Based on the previous studies of Weibull regression model and based on the idea of GWR method, it is needed the Weibull regression model development and its application to spatial data. Therefore in this study, the GWTWR model is proposed, that is the joint PDF model of trivariate Weibull distribution with scale parameters are expressed in the regression parameters depending on the geographical location. The proposed model is derived from the joint survival function of trivariate Weibull distribution proposed by Lee and Wen [10] , which the scale parameters are expressed in the regression parameters with identical covariates and non-identical regression parameters. The study is focused on the construction of GWTWR model and parameter estimation by using MLE method. To demonstrate parameter estimation procedure and to evaluate the proposed model, it will be applied to the real data that is "River water pollution indicator in Surabaya 2013".
Furthermore, the plan of this study is organized as follows. In section 2 we introduce the relationship of the functions in the trivariate Weibull distribution and derive the TWR model. The GWTWR model is introduced in section 3, and parameter estimation of GWTWR model is discussed in section 4. The application of the GWTWR model to the real data is presented in section 5 and finally we conclude the study in the section 6.
Trivariate Weibull Regression Model
As it has been mentioned previously, the survival function, CDF, PDF and the hazard function are the main functions in the Weibull distribution. In the trivariate case, their relationships can be described as follows. Suppose there are continuous nonnegative random variables 1 2 3 ,, Y Y Y associated with a typical unit. Lawless [9] defined the joint survival function denoted by 1 2 3 ( , , ) S y y y as 
The relationship between the joint survival function 1 2 3 ( , , ) S y y y and the joint CDF 1 2 3 ( , , ) F y y y can also be written as 12 
The parameter a represents the degree of dependence in the association of 12 , YY and 3 Y , k  is the scale parameter and k  is the shape parameter for 1, 2,3 k  . Based on the its expression, the joint survival function displayed in (2.5) is a continuous function, and therefore the joint PDF can be determined by using the relationship (2.4) and it has the form 
. Parameter estimation of the joint PDF (2.6) can use the MLE method.
As an extension of the PDF model stated in (2.6), the scale parameters can depend on the covariates [9] , [14] , that is the scale parameters can be expressed in the regression model. Because the scale parameters of PDF (2.6) are positive value, to make easier, we can define a relationship as follows log
0,1, , hp   , and
 is 1 p  dimensional vector of covariates or independent variables. By substituting the scale parameters stated in the relationship (2.7) to the equation (2.6), it can be obtained the joint PDF model expressed in term of regression parameter, that is 
The joint PDF which has expression in (2.8) is called trivariate Weibull regression model (TWR), and based on the GWR method, TWR is the global model of GWTWR model.
Geographically Weighted Trivariate Weibull Regression
Geographically Weighted Trivariate Weibull Regression (GWTWR) is the TWR model which all of regression parameters depend on the geographical location. In this study, we will propose two models for GWTWR, firstly is GWTWR model with all of parameters depend on the geographical location, and secondly is GWTWR model with only regression parameters depending on the geographical location, meanwhile the parameter of degree of dependence (a) and shape parameters ( k  ) are constant at each location which are assumed equal to the value of joint PDF parameters of population distribution. Suppose u is latitude and 2i u is longitude, then from TWR model (2.8), it can be developed to the new TWR model with all of parameters depend on the geographical location which is called GWTWR model. Here, the parameters are assumed to be functions of the location on which the observations are obtained. Suppose, all of parameters of TWR model (2.8) depend on the geographical location, then GWTWR model at location i with coordinate i u for the first model has an expression as follows p  parameters which all of parameters are regression parameters depending on the geographical location. The parameters for second model of GWTWR can be written in the vector form as 1 
Meanwhile, for GWTWR model (3.1), it has 73 p  parameters which will be estimated, namely one parameter of degree of dependence, three shape parameters and 3 ( 1) p  regression parameters. For simplify, the parameters of GWTWR model at location i given in (3.1) can be written in the vector expression as
Furthermore, the main problem in this study is how to estimate the GWTWR model parameters.
Parameter Estimation of GWTWR Model
Parameter estimation of GWTWR model in this study will be done by using the MLE method. The initial step of the MLE method is defining the likelihood function. Suppose, there are the random samples 1 2 3 ( , , )
y y y of responses taken from the population of trivariate Weibull distribution which has joint PDF in (2.6) and 12 ( , , , )
Suppose, the point coordinate of all locations in the study area is known, then based on the joint PDF (3.1), the likelihood function at location i which has coordinate i u can be defined as The observations which are closer to a location i generally exert more influence on the parameter estimates at location i than those farther away. When parameters at location i are estimated, more emphases should be placed on the observations which are close to location i . The weights at each location i are taken as a function of distance from i to other location in the studied geographical region. Two of the weighting functions which are the most common choice in practice are the adaptive Gaussian and bi-square function [11] . Suppose, the weight placed to the point which has coordinate j u for the model at location i with coordinate i u is ij w , then by using the adaptive Gaussian function it can be calculated as follows
and it can also be calculatedby using adaptive bi-square function which has form
with ij d is Euclidian distance from location i to j , and () i b u is called a bandwidth for parameter estimation of model at location i [1] , [3] . Based on the equation (4.3) and (4.4) , that the weighting function depend on the choice of bandwidth, and therefore, the problem is how to select appropriate bandwidth on the parameter estimation of GWTWR model. Because if the bandwidth is too large then the weights tend to one for all pairs of points so that the estimated parameters become uniform at each location, which result in the local model becomes equivalent to global model. Conversely, as the bandwidth becomes smaller, the parameter estimates will increasingly depend on observations in close proximity to location i and hence will have increased variance [3] . There are numbers of criterions that can be used for bandwidth selection, which one of criterions is generalized cross-validation criterion (GCV). The formula for the GCV score is MSE is the mean square error defined by:
. The AIC has the advantage of being more general in application, because it can be used in Poisson and logistic GWR [3] .
To estimate the parameters of GWTWR by using the MLE method can be performed by maximize log-likelihood function (4.2) placed the weighting of geographical location ij w . Based on the likelihood function (4.1), the loglikelihood function (4.2) placed the weight ij w can be formulated as follows 
Considering on the expression of the functions (4.8)-(4.11), the likelihood equation (4.12) is a system of interdependent nonlinear equations which does not have the closed form solution. Hence, to solve it can apply the Newton-Raphson iterative method, and the ML estimator of () i θu can be estimated by the roots of likelihood equation (4.12). To obtain the ML estimator using the NewtonRaphson algorithm can take the formula 
The iteration (4.14) is started from an initial value Based on the expression of the log-likelihood function (4.7), to calculate the gradient vector (4.13) and the Hessian matrix (4.15) directly do not simple, hence to make easier, they can be split into four parts, so that and the Hessian matrix is formulated as 
Based on the GWR method, TWR model is a special model for GWTWR model in which the parameter is assumed to be constant at each location. So, the estimator of TWR model parameters can be obtained via parameter estimation of GWTWR model by using MLE method with spatial weighting placed to all pairs of points is S are continuous and continuously differentiable function [14] .
Furthermore, to achieve the goal of this study, the analysis is performed as the following step. To test the goodness of fit for multivariate distribution can be used a multivariate Kolmogorov-Smirnov test proposed by Fasano et al. [2] and Justel et al. [8] . 
Application
The aim of the application is to evaluate the performance of parameter estimation in the proposed GWTWR model by using MLE method. Parameter estimation will be done for model A and B of TWR and GWTWR model. Furthermore, based on the result of parameter estimations of TWR and GWTWR model, we can determine the best model. The proposed model was applied to the real data that is River water pollution indicator in Surabaya in 2013, and the data was secondary data from Life Environment Department of Surabaya. The unit of observations was the rivers in Surabaya which have the same water stream. The size of sample was 27 points taken from 9 locations along the water stream in July, September and November in 2013. The responses (dependent variables) were biochemical oxygen demand (BOD), chemical oxygen demand (COD) and dissolved oxygen (DO), which were symbolized by 12 , YY and 3 Y respectively. The covariates (independent variables) were speed of water stream (X 1 ), nitrate concentration (X 2 ) and phosphate concentration (X 3 ). The best model was evaluated based on the AIC and mean square error (MSE) value, meanwhile to obtain optimum bandwidth for GWTWR model was used GCV criterion. The result of applying GWTWR model to the real data is summarized as follows.
The initial step of the application is estimating joint PDF parameters of the population distribution which has expression in (2.6). Parameter estimation was done by MLE method, and the estimator value of joint PDF parameters of trivariate Weibull distribution (distribution of population) is displayed in Table 1 . The second step of the analysis is to test the goodness of fit of the responses distribution. Based on the investigation of distribution using a multivariate Kolmogorov-Smirnov test, it was concluded that the responses data 1 2 3 ( , , ) it can be inferred that the response data was taken from trivariate Weibull distribution with PDF parameters was presented in Table 1 .
The last step of the application is parameter estimation for global model (TWR) which has expression in (2.8) and GWTWR model (3.1) for model A and B. Parameter estimation for model A and B of GWTWR model was done locally producing 27 local models respectively, consisted of 9 local models in July, 9 local models in September and 9 local models in November 2013. In this study, we present the descriptive statistics of the estimator values of 27 GWTWR models parameters for model A and B. We also present the result of parameter estimations of model A and B in July at two locations respectively, namely the model at Surabaya river in Kedurus (P1) with point coordinate (7 0 Table 3 , and the result of parameter estimations of TWR and GWTWR for model A and Bin July 2013 at location P1 and P5 is displayed in Table 4 . Note: Sign (-) in Table 3 means empty, SD is standard deviation, Min is minimum value and Max is maximum value. Note: sign -* in Table 4 is to mark that the value of parameter is constant for each location which is equal to the value of joint PDF parameters of the population distribution presented in Table 1 , and sign (-) means empty. The spatial weighting for each location was calculated by using the adaptive Gaussian weighting function, and optimum bandwidth was evaluated by using GCV criterion. The optimum bandwidths for model A at location P1 and P5 were 0.4246 and 0.1042 receptively with GCV value was . Based on the result of parameter estimations displaying in Table 4 , it indicates that the estimator value for some parameters of GWTWR model differ from the global model (TWR), but the inference can be taken after hypothesis testing. Table 4 shows that the AIC and MSE value of GWTWR model are smaller than TWR model, so it can be concluded that GWTWR model is better than TWR model. Furthermore, in this study, model B of GWTWR model with parameter of degree of dependence and shape parameters are constant is preferable to model A of GWTWR model with all parameters depend on the geographical location, because it has smaller MSE and AIC value.
Conclusion
GWTWR model is TWR model which all of regression parameters depend on the geographical location. Parameter estimation on the GWTWR model is based on the GWR method, that is, parameter estimation is done locally, dependent on the spatial weighting function or kernel selected. The parameter estimation method on the GWTWR model was maximum likelihood estimation. The result showed that the likelihood equation was a system of interdependent nonlinear equations which does not have the closed form solution, therefore the maximum likelihood estimator was obtained by using the Newton-Raphson iterative method. To evaluate the proposed GWTWR model, it was applied to the real data that is "River water pollution indicators in Surabaya 2013".Based on the result in this study, GWTWR model is better than global model (TWR), and the best model of GWTWR is GWTWR model with parameter of degree of dependence and shape parameters are constant at each location.
